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Abstract. In this short note we shall give another interresting trace inequality
for unitary matrices different from the one given in [6]. Our inequality relies on
a Cauchy-Schwarz 3-vectors type inequality to which we present three proofs. In
fact, the main result is that for any unitary matrices U, V the following inequality
holds: |m(U)|2 + |m(V )|2 + |m(UV )|2 ≤ 1 + 2|m(U)||m(V )||m(UV )|, where m(X)
is the arithmetic mean of the elements from the principal diagonal of the matrix
X.

1. Introduction & main result

In this short note we prove another trace inequality for real unitary matrices which
is a Cauchy-Schwarz-type inequality relating the average of the eigenvalues of each
of two unitary matrices to that of their product. As it has been already highlighted
in [2], these kind of trace inequalities are in connection with Connes embedding
problem from C∗-algebras. The main idea is to study the set of unitary matrices
{[tr(U∗

i Uj)]ij, U1, U2, . . . , Un ∈Mm(C),m ≥ 1} which seems to be unknown even for
n = 3. In this case, we deal with the set of triples (tr(U), tr(V ), tr(UV )) where U, V
are unitary. As remarked in [2], the only connection between these traces seems to
be the inequality established by Wang and Zhang in [5] and [6], namely√

1− | tr(UV )|2 ≤
√

1− | tr(U)|2 +
√

1− | tr(V )|2.
It is well-known that the trace of a n-square matrix X is equal with the sum of

the eigenvalues of X. We denote by m(X) the algebraic mean of the eigenvalues of
X. We will show the following

Theorem 1.1. For any unitary complex matrices U, V the following inequality holds
true

|m(U)|2 + |m(V )|2 + |m(UV )|2 ≤ 1 + 2|m(U)||m(V )||m(UV )|.

In what follows we shall prove an inequality in a linear space V endowed with
the inner product (·, ·). This is basically a Cauchy-Schwarz-type inequality for three
vectors.

Lemma 1.2. For any vectors u, v, w ∈ V the following inequality holds

||u||2|(v, w)|2+||v||2|(w, u)|2+||w||2|(u, v)|2 ≤ ||u||2||v||2||w||2+2|(u, v)||(w, v)||(w, u)|.(1)
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First proof. For u, v, w ∈ V we consider the Gram matrix

G(u, v, w) =

 ||u||2 (u, v) (u,w)
(v, u) ||v||2 (v, w)
(w, u) (w, v) ||w||2

 .

It is a well-known fact that detG(u, v, w) ≥ 0, so by computing the determinant by
Sarrus or triangle rule, we have

0 ≤ detG(u, v, w) = ||u||2||v||2||w||2 + 2|(u, v)||(v, w)||(w, u)|−
−(||u||2|(v, w)|2 + ||v||2|(w, u)|2 + ||w||2|(u, v)|2),

which is equivalent to the inequality (1).
Second proof. By Cauchy-Schwarz inequality, for any real number λ, we infer

||u− λv||2||w||2 ≥ |(u− λv, w)|2.
This is succesively equivalent to

(||u||2 − 2λ|(u, v)|+ λ2||v||2)||w||2 ≥ |(w, u)|2 − 2λ|(w, u)||(v, w)|+ λ2|(v, w)|2,
(||v||2||w||2−|(v, w)|2)λ2+2λ(|(u, v)|||w||2−|(w, u)||(v, w)|)+||u||2||w||2−|(u,w)|2 ≥ 0.

Denote

p(λ) = (||v||2||w||2−|(v, w)|2)λ2+2λ(|(u, v)|||w||2−|(w, u)||(v, w)|)+||u||2||w||2−|(u,w)|2.
By the Cauchy-Schwarz inequality we have that the coefficient of λ2 is positive and
since p(λ) ≥ 0,∀λ ∈ R we conclude that the distriminant of p must be negative.
The discriminant of p is given by

∆λ = 4(|(u, v)|||w||2−|(w, u)||(v, w)|)2−4(||v||2||w||2−|(v, w)|2)(||u||2||w||2−|(u,w)|2).
it follows that

(|(u, v)|||w||2 − |(w, u)||(v, w)|)2 ≤ (||v||2||w||2 − |(v, w)|2)(||u||2||w||2 − |(u,w)|2)
which is equivalent to

|(u, v)|2||w||2 − 2|(u, v)||(v, w)||(w, u)|||w||2 ≤ ||u||2||v||2||w||4 − |(w, u)|2||v||2||w||2.
Without loss of generality, we assume that ||w||2 6= 0, so the inequality follows
immediately.

Third proof. Consider the following matrix

D(u, v) =

(
(w,w) (w, u)
(v, w) (u, v)

)
.

We will prove that

(detD(u, v))2 ≤ | detD(u, u)| · | detD(v, v)|.(2)

Denote the polynomial

f(t) = D(u, u)t2 − 2D(u, v)t+D(v, v).

A simple calculation shows that

f(t) = detD(ut− v, ut− v) = det

(
(w,w) (tu− v, w)

(w, ut− v) (ut− v, ut− v)

)
=

= ||w||2||ut− v||2 − |(ut− v, w)|2 ≥ 0
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by the Cauchy-Schwarz inequality. Thus f(t) ≥ 0,∀t ∈ R and this means that the
discriminant must be negative,

∆t = (detD(u, v))2 − | detD(u, u)| · | detD(v, v)| ≤ 0

which is equivalent to (2). The inequality (2) is equivalent to

(||w||2|(u, v)| − |(w, u)||(w, v)|)2 ≤ (||w||2||u||2 − |(w, u)|2)(||w||2||v||2 − |(v, w)|2).
By expanding this inequality we obtain (1). �

Remark. By definition the angle of two vectors in the inner product space is
given by the formula

cos θu,v =
(u, v)

||u||||v||
.

In this sense, we can rewrite the inequality (1) as

cos2 θu,v + cos2 θv,w + cos2 θw,u ≤ 1 + 2| cos θu,v|| cos θv,w|| cos θw,u|.
Proof of Theorem 1.1 For any complex matrices A,B of size n, we denote the

Hilbert-Schmidt inner product by (A,B) := tr(B∗A), where ∗ means the conjugate
of the transpose. Puttting

w =
1√
n
In, u =

1√
n
U, v =

1√
n
V ∗,

where In is the identity matrix and U, V are any unitary n × n matrices. Clearly
||u|| = ||v|| = ||w|| = 1 and

(u, v) =
1

n
tr(UV ∗) =

1

n
tr(UV ), (v, w) =

1

n
tr(I∗nU) =

1

n
tr(U), (w, u) =

1

n
tr(V ).

By applying Lemma 1.2, we employ

1

n2
(| tr(UV )|2 + | tr(U)|2 + | tr(V )|2) ≤ 1 +

2

n3
(| tr(UV )|| tr(U)|| tr(V )|

equivalent to

|m(U)|2 + |m(V )|2 + |m(UV )|2 ≤ 1 + 2|m(U)||m(V )||m(UV )|.
�

Lemma 1.2 can be also extended in the framework of Probability Theory. If
X, Y are two random variables, then we can define their inner product as (X, Y ) =
E(XY ), where E(M) is the expectation of M . In this case, by Lemma 1.2 we deduce
that for X, Y, Z random variables we have∑

cyc

E(X2)|E(Y Z)|2 ≤
∏

E(X2) + 2
∏
|E(XY )|.

Moreover, if we put µ = E(X) and ν = E(Y ), then we have

|Cov(X, Y )|2 = |E((X − µ)(E − ν))|2 = |(X − µ,X − ν)|2.
By Lemma 1.2, we have∑

cyc

|Cov(X, Y )|2 Var(Z) ≤
∏

Var(X) + 2
∏
|Cov(XY )|.
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Other generalizations of Lemma 1.2 exist in the context of Operator Theory where
one can discuss inner products as positive functionals. More specific, given a Hilbert
space L2(γ), where γ is a measure, the inner product (·, ·) gives rise to a positive
functional ϕ by ϕ(g) = (g, 1). For all f ∈ L2(γ) every positive functional ϕ gives a
corresponding iner product

(f, g)ϕ = ϕ(g∗f),

where g∗ is the pointwise conjugate of g. Now, Lemma 1.2 will become∑
cyc

|ϕ(g∗f)|2ϕ(h∗h) ≤
∏

ϕ(f ∗f) + 2
∏
|ϕ(g∗f)|,

for all g, g, h ∈ L2(γ). The extension of the above inequality to C∗-algebras as well
as other extensions, generalizations and applications will be given in [3] and [4].
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