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Abstract. In this note we study some properties of the aditive commutator of
two matrices in the spirit of the well-known problem which states that if [A, B] =
AB − BA = A, then A is nilpotent. First of all, we will give four proofs for
this problem and then we study the relation between the commutator [A, B] and
the adjugate of A and we will show that if [A, B] = adj(A), then (adj(A))2 = On.
Other related problems between the aditive commutator and the adjugate are also
given.
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1. Introduction and Main Results

Let Mn(C) denote the ring of n × n matrices with complex entries. Recall that:
(1) a matrix A ∈ Mn(C) is nilpotent if Am = On for some positive integer m ; and
(2) the (additive) commutator of two matrices A,B ∈Mn(C) is [A,B] = AB −BA.

An interresting property proved by Shoda in 1936 is that only additive commu-
tators have zero trace. For a detailed proof of this result one can consult [2] or
[7]. Later, Thompson showed in [3] that if Mn(F ) denotes the algebra of n-square
matrices with elements in a field F and M ∈ Mn(F ) such that M has zero trace,
then M = AB − BA for certain A,B ∈ Mn(F ) where A is nilpotent and B has
zero trace, apart from the cases when n = 2, 3. In [3] it is also determined when
M = MB −BM for some B ∈Mn(F ). Sufficient conditions for a matrix in Mn(C)
to be nilpotent can be stated in terms of commutators [1], [7]:

Theorem 1.1. Let A ∈ Mn(C). If [A,B] = A for some B ∈ Mn(C), then A is
nilpotent.

Our first theorem provides a similar sufficient condition for the adjugate of a
matrix in Mn(C) to be nilpotent; recall that the adjugate or classical adjoint of
A = [aij] ∈ Mn(C), written adj(A), is the n × n matrix whose (i, j)-entry is the
cofactor of aij.

Theorem 1.2. Let A ∈ Mn(C). If [A,B] = adj(A) for some B ∈ Mn(C), then
(adj(A))2 = On.
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A key ingredient of the proof is the following theorem of Jacobson [4] which
provides a sufficient condition for a commutator to be nilpotent:

Theorem 1.3. Let A,B ∈ Mn(C). If A[A,B] = [A,B]A, then the commutator
[A,B] is nilpotent.

Combining Theorems 1.1 and 1.3, we prove a version of the former — Theorem
1.4 below — and the Jacobson-type Theorem 1.5.

Theorem 1.4. Let A,B ∈Mn(C).

(a) If [adj(A), B] = adj(A), then (adj(A))2 = On ; and
(b) If [adj(A), B] = A, then A is nilpotent.

Theorem 1.5. Let A,B ∈Mn(C), and let [A,B]adj = [adj(A), adj(B)].

(a) If adj(A) and [A,B]adj commute, then (adj([A,B]))2 = On ; and
(b) If A and [A,B]adj commute, then (adj([A,B]))2 = On.

For further properties of the two commutators we recommend [7], [6] and [16]. The
aditive commutator has also deep connections with Lie algebras because one can turn
an associative algebra A into a Lie algebra by the Lie bracket [X, Y ] = XY − Y X.
Now, Lie(A) becomes a Lie algebra together with this Lie bracket. Many important
Lie algebras arise in this way; for example the Lie algebra gln = Lie(A), where A is
the algebra of n×n matrices with the usual matrix multiplication. For more details
one can consult [10].

2. Preliminaries and Proofs of Main Results

The adjugate of a matrix plays an important role in matrix theory. The computa-
tion of the adjugate from its definition involves the computation of n2 determinants
of order n − 1, which is a prohibitively expensive O(n4) process. More detalis and
properties can be found in [12]. In [13] and [14] other properties of the adjugate
are developed. In what follows we state a couple of lemmata containing a result
(lemma 1.3) due to Jacobson for which we give two proofs. Recall that a matrix
X ∈ Mn(C) quasinilpotent if lim

n→∞
||Xn||1/n = 0. Equivalently, the matrix X is

quasinilpotent if the spectrum of X denoted by σ(X) = {0}. In [18], it was proved
that a quasinilpotent operator T ∈ L(H) is the uniform limit of a sequence {Qk} of
nilpotent operators in H where H is a Hilbert space. We begin with the following
folklore

Lemma 2.1. Let A ∈Mn(C). Then tr(Ak) = 0,∀k = 1, 2, . . . , n if and only if A is
nilpotent.
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Proof. For the first implication, let λ1, λ2, . . . , λn be the eigenvalues of A. By the
hypothesis, we have that

λk1 + λk2 + . . .+ λkn = 0,∀k = 1, 2, . . . , n.

Recall Newton’s identities

(−1)m
∑

1≤i1<...<im≤n

xi1xi2 ...xim+
m∑
k=1

(−1)k+m

(
n∑
i=1

xki

) ∑
1≤i1<...<im−k≤n

xi1 ...xim−k

 = 0,

∀m ≤ n. Using Newton’s identities for m = 1, 2, . . . , n, we obtain that∑
1≤i1<...<im≤n

λi1λi2 ...λim = 0.

This means that the coefficients of the characteristic polynomaial of A are all zero,
except the dominant coefficient, so it means that An = On.

For the second implication, we prove that all eigenvalues of A are zero. We assume
that there exists an eigenvalue α 6= 0 and Y nonzero eigenvector corresponding to the
eigenvalue. We have AY = αY and αAp−1Y = ApY , where p is the smallest number
greater than 1 such that Ap = 0. Since α 6= 0 it follows easily that Ap−1Y = 0 and
so on until AY = 0 = αY , which is a contradiction. �

We give in what follows two proofs for Theorem 1.2. Before we start with the
proofs, recall the following

Definition 2.2. Let H be a complex Hilbert space and X : H → H is a linear and
bounded operator. The spectrum of X is given by

σ(X) = {λ ∈ C : X − λI is invertible}.
The spectral radius of X is denoted by ρ(X) and

ρ(X) = sup
λ∈σ(X)

|λ|.

Concerning the spectral radius, there exists a formula (see [11]), namely

ρ(X) = lim
n→∞

‖Xn‖1/n.

If H = Cn is finite-dimensional, then X is a matrix and the definition above says
that ρ(X) is the largest absolute value of an eigenvalue of X.

We have to prove that ρ(X) = 0, in our case ρ([A,B]) = 0. This means that the
matrix [A,B] is quasinilpotent which implies that the commutator is nilpotent.

Definition 2.3. Let A be an algebra. We say that D : A → A is a derivation if D
is a linear mapping such that

D(ab) = aD(b) + bD(a), ∀a, b ∈ A.

The following property due to Leibniz holds:

Dn(ab) =
n∑
i=0

(
n
i

)
(Dn−ia)(Dib).
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In [8] one can find other useful properties of D. For example, we have D(an) =
nan−1D(a) iff aD(a) = bD(b) and if D2(a) = 0, then by induction and Leibniz
property, we infer that Dn(an) = n!(Da)n, ∀n ≥ 1.

First proof of Theorem 1.3 The proof is standard. We shall consider the traces
of all natural powers of the commutator [A,B]. It is well-known that commutators
have zero trace. This means that tr(AB) = tr(BA). Let C = [A,B] and suppose
that CA = CB. Then for each k = 1, 2, . . . , n we have

tr(Ck) = tr(Ck−1(AB −BA)) = tr(Ck−1AB − Ck−1BA) =

= tr(ACk−1B)− tr(Ck−1BA) = tr(Ck−1BA)− tr(Ck−1BA) = 0.

The assertion follows now from lemma 2.1.
Second proof of Theorem 1.3. We define the derivation D : Mn(C) → Mn(C)

given by DA(X) = XA − AX, ∀X ∈ Mn(C). From the nypothesis, we have that
D2
A(B) = On and thus Dn

A(Bn) = n!(DA(B))n. Since ||DA|| ≤ 2||A||, it follows that

||(DA(B))n|| ≤ 2n

n!
||A||n||B||n

which is equivalent to

||(DA(B))n||1/n ≤ 2

(n!)1/n
||A||||B||,∀n ≥ 1.

By passing to the limit when n → ∞, we have that lim
n→∞

||(DA(B))n||1/n = 0, so

we finally obtain ρ([A,B]) = 0 and thus [A,B] is quasinilpotent which implies that
[A,B] is nilpotent. �

Remark. The second proof of Theorem 1.1 has its origins in a more general
framework. If we consider a Banach algebra A and for a, b ∈ A we define [a, b] =
ab− ba such that a[a, b] = [a, b]a, then [a, b] is quasinilpotent. This was conjectured
for the first time by Kaplansky and later proved independently by Kleinecke in
1957 and Shikorov in [9] in 1961. For more details and history of this problem we
recommend [8].

In what follows we shall use Theorem 1.3 in the proof of the Theorem 1.1.

First proof of Theorem 1.1 It is clear that since [A,B] = A the condition from
the Theorem 1.3 is automatically satisfied, so it follows that the commutator [A,B]
is nilpotent, so A is nilpotent.

Second proof of Theorem 1.1. By multiplying with A we have A2B−ABA = A2.
On the other hand ABA − BA2 = A2, so by adding these two relations, it follows
that A2B −B2A = 2A2. Inductively, we deduce that

AkB −BkA = kAk,∀k ≥ 1.

Now, we have

0 = tr(AkB −BkA) = tr(AkB)− tr(BkA) = k · tr(Ak), ∀k ≥ 1.

We obtain that tr(Ak) = 0,∀k ≥ 1. By the lemma 2.1 we have that A is nilpotent.
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Third proof of Theorem 1.1. Like in the second proof we have that

AkB −BkA = kAk,∀k ≥ 1.

Now, for an operator X we define the norm by ||X|| = sup
||x||=1

||Xx|| which satisfies

the inequality ||XY || ≤ ||X||||Y ||. In our case, we have that

n||An|| = ||AnB −BnA|| ≤ (||AnB||+ ||BAn||) ≤ 2||An||||B||,∀n ≥ 1.

From the relation above it follows that ||An|| = On, so A is nilpotent.
Remark. This solution shows that the theorem holds true for infinite dimensional

spaces.
Forth proof of Theorem 1.1. Like in the other solutions we have AkB − BkA =

kAk, k ≥ 1. We define the polynomials f, g ∈ R[X] and g(x) = xf ′(x), where
f ′ is the derivative of f . We prove that if f(A) = On then g(A) = On. Denote
f(x) = akx

k + . . .+ a1x+ a0 and f ′(x) = kakx
k−1 + . . .+ a1 and from here, we have

g(x) = kakx
k + (k − 1)ak−1x

k−1 + . . .+ a1x. Since f(A) = On we obtain

akA
k + . . .+ a1A+ a0In = On.

Multiplying the above equality right and left with B we deduce that

akA
kB + . . .+ a1AB + a0B = On

and

akBA
k + . . .+ a1BA+ a0B = On.

Thus, we obtain

ak(A
kB −BkA) + ak−1(A

k−1B −Bk−1A) + . . .+ a1(AB −BA) = On.

Since AkB −BkA = kAk for any k = 1, 2, . . . , n, the equality becomes

kakA
k + (k − 1)ak−1A

k−1 + . . .+ a1A = On = g(A).

On the other hand xg′(x) = x(f ′(x) + xf ′′(x)) = xf ′(x) + x2f ′′(x). By putting
x = A, we have

Af ′(A) + A2f ′′(A) = On.

But, from Af ′(A) = On, we have that A2f ′′(A) = On. By an easy induction,
we deduce that Akf (k)(A) = On. Considering the characteristic polynomial of the
matrix A, we have PA = Xn + an−1X

n−1 + . . . + a1X + a0. From PA(A) = On we

deduce that AnP
(n)
A (A) = On, and thus, A is nilpotent.

�
The following two lemmas will be used in the proof of the Theorems 1.2, 1.4 and

1.5.

Lemma 2.4. (see also [15]) Let A ∈Mn(C) be a singular matrix. Then there exists
a complex number λ such that (adj(A))2 = λ · adj(A).

Proof. Let r = rank(A). Since det(A) = 0 we have that r ≤ n− 1. If r ≤ n− 2,
then all minors of order n − 1 of the matrix A are null, so adj(A) = On and thus
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our conclusion will be valid for any λ ∈ C. If r = n − 1, let dj =


d1j

d2j

. . .
dnj

 be the

j-column of adj(A), where dij is the algebraic complement of the element aij. Thus,
we have A ·dij = On,1,∀j = 1, 2, . . . , n, so the columns of adj(A) are solutions of the
homogenous simple system AX = On,1. It follows that every two columns of adj(A)
are proportional so rank(adj(A)) = 1. In this case, there exists M ∈ Mn,1(C) and
N ∈M1,n(C) such that adj(A) = MN . Simple calculations yeld

(adj(A))2 = (MN)2 = (MN)·(MN) = M ·(NM)·N = Mλ·N = λ·MN = λ·adj(A).

Lemma 2.5. If A ∈ Mn(C) is a matrix such that the adjugate adj(A) is nilpotent,
then (adj(A))2 = On.

Proof. From the hypothesis, it follows that det(adj(A)) = 0. By the lemma 2.1
we have that (adj(A))2 = λ · adj(A). Since adj(A) is nilpotent there exists k ≥ 1
such that (adj(A))k = On. On the other hand, by iteration, we deduce that

On = (adj(A))k = M · (MN)k−1N = λk−1MN = λk−1 adj(A).

If adj(A) = On the conclusion is clear; if not we have λ = 0 and by lemma 1.6 the
conclusion follows immediately.

Finally, we prove our main thorems. We begin with the

First proof of Theorem 1.2. Since adj(A) commutes with A, it follows that A
commutes with [A,B], so by lemma 2.3 it follows that the commutator [A,B] is
nilpotent and thus adj(A) is nilpotent. By lemma 2.2 we have (adj(A))2 = On.

Second proof of Theorem 1.2. If rank(A) ≤ n − 2, then adj(A) = On, so
(adj(A))2 = On. If rank(A) = n− 1, then det(A) = 0 and by Sylvester’s inequality
(see [1]) we have

0 = rank(det(A) · In) = rank(A adj(A)) ≥ rank(A) + rank(adj(A))− n,
so rank(adj(A)) ∈ {0, 1}. Since rank(adj(A)) = 0 is not the case, we have
rank(adj(A)) = 1. Now, by the arguments from lemma 2.4 we have (adj(A))2 =
λ · adj(A). Since 0 = tr([A,B]) = tr(adj(A)), from (adj(A))2 = λ · adj(A) it follows
that tr((adj(A))2) = 0 and inductively we have tr(adj(A))n) = 0,∀n ≥ 1. By lemma
2.1 and lemma 2.5 we have (adj(A))2 = On.

Third proof of Theorem 1.2. If rank(A) ≤ n−2 then adj(A) = On, so (adj(A))2 =
On. If rank(A) = n− 1, then det(A) = 0. From AB−BA = adj(A), by multiplying
with adj(A) on left, we have

det(A)B − adj(A)BA = (adj(A))2

Now, by multiplying the above equality right with adj(A), we obtain

det(A)B adj(A)− det(A) adj(A)B = (adj(A))3.

We have (adj(A))3 = O3 which shows that adj(A) is nilpotent and by lemma 2.5 we
obtain (adj(A))2 = On.
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Fourth proof of Theorem 1.2. Like in the previous solution, if rank(A) ≤ n − 2
there is nothing to prove. If rank(A) = n− 1, then rank(adj(A)) = 1 as seen in the
second solution. Now, the problem reduces to the fact that if rank(AB −BA) = 1,
then (AB − BA)2 = On. Since rank([A,B]) = 1 there exists P ∈ M1,n(C) and
Q ∈ Mn,1(C) such that [A,B] = PQ. From here, it follows that [A,B]2 = α ·
[A,B], where α = QP ∈ C. It follows that the minimal polynomial of [A,B] is
min[A,B](X) = X2−α ·X. On the other hand, we have 0 = tr([A,B]) = k ·α, where
k is the algebraic multiplicity of α. So α = 0 and min[A,B](X) = X2 and we have
that ([A,B])2 = (adj(A))2 = On. �

Remark. Let Jk(0) be the Jordan block of size k. If A is nilpotent and has rank
n−1, then A is similar to Jn(0). For any k > 1, adj(Jk(0)) is similar to J2(0)⊕Ok−1,
so adj(Jk(0)) is nilpotent and it has index 2. Thus, if A is nilpotent, then adj(A) is
nilpotent and from lemma 2.5 we finally obtain adj2(A) = On.

Proof of Theorem 1.4. (a) It follows immediately from Theorem 2.1 and lemma
2.5.

(b) SinceA·adj(A) = adj(A)·A = det(A)·In, we obtain that adj(A) commutes with
[adj(A), B], so by applying Theorem 1.3 we have that the commutator [adj(A), B]
is nilpotent, so A is nilpotent as desired.

�
Proof of Theorem 1.5 (a) We have

[A,B]adj = [adj(A), adj(B)] = adj(BA)−adj(AB) = adj(BA−AB) = − adj([A,B]).

Now, by the hypothesis and Theorem 2.3, it follows that [A,B]adj is nilpotent and
by the identity above, it results that adj([A,B]) is nilpotent and by lemma 2.5 we
have (adj([A,B]))2 = On;

(b) Since adj(A) commutes with A by (a) the conclusion follows immediately.
�

Remark. The 3 × 3 matrices below show that the Jacobson-type condition of
the form [adj(A); [A,B]] = On is not for [A,B] to be nilpotent,

A =

(
J2(0) 0

0 0

)
, B =

(
J2(0)T 0

0 0

)
.
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