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PROBLEMS AND SOLUTIONS 

Edited by Gerald A. Edgar, Doug Hensley, Douglas B. West 
with the collaboration of Mario Benedicty, Itshak Borosh, Paul Bracken, Ezra A. 
Brown, Randall Dougherty, Tamas Erdélyi, Zachary Franco, Christian Friesen, Ira M. 
Gessei, László Lipták, Frederick W. Luttmann, Vania Mascioni, Frank B. Miles, Bog- 
dan Petrenko, Richard Pfiefer, Cecil C. Rousseau, Leonard Smiley, Kenneth Stolarsky, 
Richard Stong, Walter Stromquist, Daniel Ullman, Charles Vanden Eynden, Sam Van- 
dervelde, and Fuzhen Zhang. 

PROBLEMS 

11425. Proposed by Erwin Just (emeritus), Bronx Community College of the City Uni- 
versity of New York, Bronx, NY. For which positive integers m does every congruence 
class mod m contain the sum of two squares? 

11426. Proposed by M. L. Glasser, Clarkson University, Potsdam, NY Find 

r(i/i4)r(9/i4)r(ii/i4) 
r(3/i4)r(5/i4)r(i3/i4)' 

where F denotes the usual gamma function, given by F(z) = /0°° tz~xe~* dt. 

11427. Proposed by Viorel Bandita, CA. Rosetti High School, Bucharest, Romania. In 
a triangle ABC, let m be the length of the median from A, / the length of the angle 
bisector from B, and h the length of the altitude from C. Let a, b, and c be the lengths 
of the edges opposite A, B, and C, respectively. Show that ABC is equilateral if and 
only if a2 + m2 = b2 + I2 = c2 + h2. 

11428. Proposed by Walter Blumberg, , Coral Springs, FL. Let p be a prime that is 
congruent to 3 mod 4, and let a and q be integers, with p ' q. Show that 

¿ [(qk2 + a)/p' = 2a + 1 + ¿ [iqk2 -a- ')/p' . 
k=i k=' 

11429. Proposed by Cezar Lupu, student, University of Bucharest, Bucharest, Roma- 
nia, and Tudorel Lupu, Decebal High School, Constanta, Romania. For a continuous 
real-valued function 0 on [0, 1], let Tcp be the function mapping [0, 1] - ► R given by 
T(p(t) = 0(i) -/¿0(w)dii, and similarly define 5 by 50(0 = ¿0(0 - 

/J u<l>(u)du. 
Show that if / and g are continuous real-valued functions on [0, 1], then there exist 
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Proposed problems and solutions should be sent in duplicate to the MONTHLY 
problems address on the inside front cover. Submitted solutions should arrive at 
that address before August 31, 2009. Additional information, such as general- 
izations and references, is welcome. The problem number and the solver's name 
and address should appear on each solution. An asterisk (*) after the number of 
a problem or a part of a problem indicates that no solution is currently available. 
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numbers a, b, and c in (0, 1) such that each of the following is true: 

Tf(a) = Sf(a), 

Tgib) [ f(u)du = Tf{b) [ g(u)du, 
A=0 Ju=0 

Sg(c) f f(u)du = Sf(c) f g(u)du. 
Ju=0 Ju=0 

11430. Proposed by He Yi, Macao University of Science and Technology, Macao, 
China. For real xx, ... , *„, show that 

X' Xi Xn i - 

rr^2 
+ 

1+X2+JC2+---+1+JC2+...+;C2 
<v». 

11431. Proposed by Finbarr Holland and Stephen Wills, University Cork College, 
Cork, Ireland. A matrix is Schur invertible if all its entries are nonzero, and the Schur 
inverse is the matrix obtained by taking the reciprocal of each entry. Show that an 
n x n complex matrix A with all entries nonzero has the property that it and its Schur 
inverse are both nonnegative definite if and only if there are nonzero complex numbers 
a' , . . . , an such that for 1 < j, k < n, the (j, ¿)-entry of A is a^. 

SOLUTIONS 

Partitioning Values of a Polynomial into Sets of Equal Sum 

11266 [2007, 77]. Proposed by Marian Tetiva, National College ((Gheorghe Ro§ca 
Codreanu", Birlad, Romania. Let a be an integer greater than 1, and let / be a poly- 
nomial of positive degree with all coefficients nonnegative integers. For n > 1, let 
S(n) = {/(I),..., f(n)}. 

(a) Prove that there exist infinitely many positive integers n such that S(n) can be 
partitioned into a subsets in such a way that the sum of the numbers in each of the 
subsets is the same. 

(b*) Prove or disprove that there is a positive integer n0 such that for all n > n0, 
S(n) can be partitioned as in part (a) whenever a divides J2l=' /(*)• 

Solution to part (a) by Robin Chapman, University of Bristol, Bristol, U. K. Let d be 
the degree of /. We take n = ak for k > d. 

Since all the coefficients are nonnegative, /(I) < • • • < f(n)' in particular, these 
values are distinct. Set F{x) = f{x + 1), so F is a polynomial with the same degree 
as /, and S(n) = {F(0), . . . , F(n - 1)}. 

For each nonnegative integer m, let s(m) be the sum of the base a digits of m. For 
m < ak, we have m = Y^^mjaj wi* 0 < m7 < a - 1, and then s(m) - ^2jlomj. 
We claim that when n = ak with k > d, the sets 

Sb(ak) = {F(m) : 0 < m < ak, s(m) = b (mod a)} 

for 0 < b < a partition S(ak) into a sets with equal sum. Let ab be the sum of the 
values in Sb(ak). To show that the ab are all equal, first consider the sum 

a-' 

¿7=0 
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