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1. Introduction & The proofs

Many of the most important results in theory of geometric inequalities were dis-
covered by the beginning of the 20-th century. The first important inequality was
discovered in 1919 and it is due to Weitzenbock (see [2]),

Theorem 1.1. In any triangle ABC with sides of lenghts a, b, c, the following
inequality holds

a2 + b2 + c2 ≥ 4S
√

3,

where S denotes the area of the triangle ABC.

The above theorem also appeared in International Mathematical Olympiad in
1961 and many proofs if it can be found in [1]. A refinement of Theorem 1.1 is the
Finsler-Hadwiger inequality

Theorem 1.2. In any triangle ABC with sides of lenghts a, b, c, the following
inequality holds

a2 + b2 + c2 ≥ 4S
√

3 + (a− b)2 + (b− c)2 + (c− a)2,

where S denotes the area of the triangle ABC.

Many proofs of Theorem 1.2 can be found in [1] as well as other new proofs in [7],
[5] or [6]. In this short note, we shall give more direct proofs for Theorem 1.1 and
Theorem 1.2 based on the same idea provided in [5]. As it has been noticed in [5],
the Fermat point of a triangle ABC is the point F in or on the triangle for which
the sum AF + BF + CF is a minimum. When each of the angles of the triangle is
smaller than 120◦, the point F is the point of intersection of the lines connecting the
vertices A,B, and C to the vertices of equilateral triangles constructed outwardly
on the sides of the triangle. In this case the first Fermat point is the interior point
F from which each side subtends an angle of 120◦, i.e.,

∠BFC = ∠CFA = ∠AFB = 120◦.

When one of the vertices of triangle ABC measures 120◦ or more, then a vertex is
the Fermat point. For simplity we denote FA = x, FB = y and FC = z, where
x, y, z > 0. If one of angles of the triangle ABC is greater or equal than 120◦, for
example ∠C = 120◦, we have z = 0, x = b and y = a and thus Theorem 1.1 and 1.2
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are obvious. In what follows, we consider the case where each angle of the trian-
gle ABC is less than 120◦. Now, we ready to prove the main theorems. We start with

Proof of Theorem 1.1 By applying the cosine law in the triangles AFB,BFC and

CFA, we obtain that a =
√

x2 + xy + y2, b =
√

y2 + yz + z2, c =
√
z2 + zx + x2

and the area of the triangle ABC is given by

S = SAFB + SBFC + SCFA =

√
3

4
(xy + yz + zx).

Now, Theorem 1.1 reduces to∑
cyc

(x2 + xy + y2) ≥ 3(
∑
cyc

xy)

which is equivalent to

(x− y)2 + (y − z)2 + (z − x)2 ≥ 0,

with equality if and only if x = y = z which is equivalent to a = b = c. �

Proof of Theorem 1.2 The Finsler-Hadwiger inequality is equivalent to∑
cyc

(x2+xy+y2) ≥ 3(
∑
cyc

xy)+2
∑
cyc

(x2+xy+y2)−2
∑
cyc

√
(x2 + xy + y2)(y2 + yz + z2)

which is equivalent to∑
cyc

√
(x2 + xy + y2)(y2 + yz + z2) ≥ (x + y + z)2.

On the other hand, it is easy to see that the following equality holds

∑
cyc

√
(x2 + xy + y2)(y2 + yz + z2) =

1

4

∑
cyc

√
(3(z + x)2 + (z − x)2) · (3(x + y)2 + (x− y)2).

By applying Cauchy-Schwarz inequality, we obtain

1

4

∑
cyc

√
(3(z + x)2 + (z − x)2) · (3(x + y)2 + (x− y)2) ≥ 1

4

∑
cyc

(3(z+x)(x+y)+(x−z)(x−y)).

Since

1

4

∑
cyc

(3(z + x)(x + y) + (x− z)(x− y)) = (x + y + z)2,

the conclusion follows immediately. �
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