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PROBLEMS AND SOLUTIONS

Edited by Gerald A. Edgar, Doug Hensley, Douglas B. West
with the collaboration of Itshak Borosh, Paul Bracken, Ezra A. Brown, Randall
Dougherty, Tamás Erdélyi, Zachary Franco, Christian Friesen, Ira M. Gessel, László
Lipták, Frederick W. Luttmann, Vania Mascioni, Frank B. Miles, Richard Pfiefer,
Dave Renfro, Cecil C. Rousseau, Leonard Smiley, Kenneth Stolarsky, Richard Stong,
Walter Stromquist, Daniel Ullman, Charles Vanden Eynden, Sam Vandervelde, and
Fuzhen Zhang.

Proposed problems and solutions should be sent in duplicate to the MONTHLY

problems address on the back of the title page. Proposed problems should never be
under submission concurrently to more than one journal, nor posted to the internet
before the due date for solutions. Submitted solutions should arrive
before December 31, 2015. Additional information, such as generalizations and
references, is welcome. The problem number and the solver’s name and address
should appear on each solution. An asterisk (*) after the number of a problem or a
part of a problem indicates that no solution is currently available.

PROBLEMS

11852. Proposed by Sam Northshield, SUNY Plattsburgh, Plattsburgh, NY. For n ∈
Z

+, let νn = k if 3k divides n but 3k+1 does not. Let X1 = 2, and for n ≥ 2 let

Xn = 4νn + 2 − 2

Xn−1
,

so that 〈Xn〉 begins with 2, 1, 4, 3
2 ,

2
3 , 3, . . .. Show that every positive rational number

appears exactly once in the list (X1, X2, . . .).

11853. Proposed by Hideyuki Ohtsuka, Saitama, Japan. Find

∞∑
n=1

1

sinh 2n
.

11854. Proposed by Roberto Tauraso, Università di Roma “Tor Vergata,” Rome, Italy.
In the Euclidean plane, given distinct points P1, . . . , Pn and distinct lines l1, . . . , lm ,
prove that there is a half-line h such that for any point Q on h, any k ∈ {1, . . . , m},
and any j ∈ {1, . . . , n}, Q is nearer than Pj to lk .

11855. Proposed by Cezar Lupu, University of Pittsburgh, Pittsburgh, PA. For a
continuous and nonnegative function f on [0, 1], let μn = ∫ 1

0 xn f (x) dx . Show that
μn+1μ0 ≥ μnμ1 for n ∈ N.

11856. Proposed by Keith Kearnes, University of Colorado, Boulder, CO. Let G be a
finite group. Show that the number of Sylow subgroups of G is at most 2

3 |G|.
11857. Proposed by Mehmet Şahin, Ankara University, Ankara, Turkey. Let ABC be a
triangle with corresponding sides of lengths a, b, and c, inradius r , and corresponding
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exradii ra , rb, and rc. Let A′ B ′C ′ be another triangle with sides of lengths
√

a,
√

b, and√
c. Show that A′ B ′C ′ has area given by

1

2

√
r(ra + rb + rc).

SOLUTIONS

When One Triangle Circumscribes Another

11706 [2013, 469]. Proposed by Nguyen Thanh Binh, Hanoi, Vietnam. Let ABC and
DEF be triangles in a plane.
(a) Provide a compass and straightedge construction, which may use ABC and DEF,
of a triangle A′ B ′C ′ that is similar to ABC and circumscribes DEF.
(b) Among all triangles A′ B ′C ′ of the sort described in part (a), determine which one
has the greatest area and which one has the greatest perimeter.

Editorial comment. Partial solution by the editors (using material submitted by the
solvers). No complete solutions were received to either (a) or (b) that dealt with all
possible shapes that the triangles ABC and DEF might have. Part (b) turns out to be
quite complex. The largest circumscribing triangle cannot be identified until all pos-
sible circumscribing triangles can be surveyed, including different ways of matching
up angles of ABC with sides/angles of DEF, plus possibly several anomalous cases.
Fortunately, since all triangles under consideration are similar, area and perimeter will
both increase and decrease with the length of any side, so we need concern ourselves
only with maximizing the length of any one side.

There are several possible definitions of what it means to say “triangle PQR cir-
cumscribes triangle STU.” We take the following definition: PQR circumscribes STU
when each closed side of PQR contains at least one of the vertices of STU. There
are stricter and looser definitions, but this one guarantees that the desired maximum
circumscribing triangle actually exists.

When in fact PQR circumscribes STU and each open side of PQR contains at least
one of the vertices of STU, we will say that PQR strictly circumscribes STU. Otherwise
we will say that PQR marginally circumscribes STU.

We will show that when the angles of ABC are paired up in any of the six possible
ways with the sides/angles of DEF, there exists A′ B ′C ′ that strictly circumscribes DEF
so that each angle of A′ B ′C ′ faces the side of DE F (equivalently, is opposite the angle)
with which it is paired. Such a triangle A′ B ′C ′ can be turned clockwise through a con-
tinuum of circumscribing triangles until a case of marginal circumscription occurs.
Similarly, it can be turned counterclockwise until a case of marginal circumscription
occurs. In Figure 1, ∠A is associated with side EF (opposite ∠D), ∠B with ED (oppo-
site ∠F), and ∠C with DF (opposite ∠E). Note that DE is a chord of a circle whose
center is at OB and such that ∠DOB E = 2∠B. By the vantage-point theorem, also
known as the inscribed-angle theorem, all angles (from now on, when we speak of an
“angle,” we mean also its measure) intercepted by chord DE from any point on the
outer arc of this circle are equal to ∠B.

Point OB may be constructed by first creating the perpendicular bisector of DE and
a perpendicular to DE from endpoint D. Then ∠B is laid off from the outward perpen-
dicular ray at D in the direction of the angle bisector. Center OB is the intersection of
the angle bisector with the last-constructed ray.

The remainder of Figure 1 is constructed similarly. Two positions are shown. The
thinly dashed one is a marginal circumscription—it is “at its clockwise limit.” The
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Figure 1. General and marginal positions

thickly dashed one is in the continuum of “general position” of its kind, and is optimal.
All possible strict and marginal circumscribing triangles are obtained in this manner
except for possibly a few anomalous cases of marginal circumscription (0, 2, 4, or 6,
depending on the relationship of the angles of the two triangles). These anomalous
cases involve a side of DEF lying along but interior to an edge of A′ B ′C ′ with the
opposite vertices of both triangles coinciding.

Next we will examine what all marginal circumscriptions look like. One vertex
of DEF and one of A′ B ′C ′ must coincide; let us say for definiteness that D and A′

coincide. Now D counts as a vertex of DEF lying on both A′ B ′ and A′C ′. One or both
of E and F must lie on B ′C ′. One possibility is that E lies at B ′ and F at C ′ (or vice
versa), in which case the triangles are similar. We call this case Shape A.

Another possibility is that E lies at B ′ but F is in the interior of B ′C ′ (or A′C ′).
This we call Shape B. The next case is that E lies in the interior of A′ B ′ and F in the
interior of B ′C ′; this we call Shape C. Finally, E and F may both lie in the interior of
B ′C ′. We refer to this as Shape D.

Figure 2 illustrates these four cases. Note that Shape A is a special case of Shape B
(when lower right angles are equal), and Shape B is a special case of Shape C (when
lower left angles are also equal). Shape D is anomalous.

B’=E B’=E F C’ B’ B’F FE

A’=DA’=DA’=DA’=D

C’ C’C’=F

Figure 2. Shapes A–D

The Shape D configurations cannot be achieved by the process of turning through
a continuum of strict configurations. If either of the ends of the side of A′ B ′C ′ that
wholly contains a side of DEF in its interior (B ′C ′ in Figure 2 Shape D) is moved,
then some vertex of DEF is in the interior or the exterior of A′ B ′C ′ and DEF is no
longer circumscribed at all.

Assume that both ABC and DEF are nondegenerate. Let the angles of DEF be
denoted X1, X2, X3 and those of ABC be denoted Y1, Y2, Y3, both listings from least to
greatest. Much depends on the ordering of these six angles. We consider the following
five cases based on which angles are largest and smallest.

(1) The two triangles are similar, so X1 = Y1, X2 = Y2, and X3 = Y3. This case is
subsumed by each of the following, so it need not be dealt with explicitly.

(2) X1 ≤ · · · ≤ X3, so the largest and smallest angles of the six are in DEF. The
order of the other four angles is only a matter of where X2 fits among Y1, Y2,
and Y3.

702 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 122

This content downloaded from 130.49.181.203 on Mon, 12 Oct 2015 04:48:03 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


(3) Y1 ≤ · · · ≤ Y3, so the largest and smallest angles of the six are in ABC. Again,
the order of the remaining four angles is only a matter of how Y2 fits among X1,
X2, and X3.

(4) X1 ≤ · · · ≤ Y3. In this case, the other angles must satisfy X1 ≤ Y1 ≤ Y2 <

X2 ≤ X3 ≤ Y3, as any other choice (except similarity) will contradict the fact
that the angles of any triangle sum to the same value. If X2 < Y2, then the sum
of the X angles is less than the sum of the Y angles, a contradiction. If X2 = Y2,
then the triangles are similar.

(5) Y1 ≤ · · · ≤ X3. In this case, the remaining angles must satisfy Y1 ≤ X1 ≤ X2 ≤
Y2 ≤ Y3 ≤ X3, by similar reasoning.

Let us analyze the possible Shape D configurations, based on the observation that
at the apex the Y angle must exceed the X angle, while at the bases each X angle must
exceed the neighboring Y angle.

In ordering (2), X1 must be at the apex. If Y1 > X2, then shape D is impossible.
Otherwise, we can construct a shape D circumscription. Among however many
such configurations exist, one that is optimal has Y1 = ∠A′ B ′C ′, Y2 = ∠B ′C ′ A′,
Y3 = ∠C ′ A′ B ′, and X1 = ∠FDE. For other orderings, again if shape D is possible, an
optimal circumscription exists in which Y3 = ∠B ′ A′C ′. This somewhat narrows the
list of cases that must be constructed.

Some trimming of cases can be conducted for the orderings (3), (4), and (5). These
are left to the reader. In every case the largest triangle (if any) has X1 and Y3 at the
apex.

Given the ordering (of angles X j and Y j ), there is a shape C construction. For
instance, in orderings of type (2), we may use the scheme illustrated on the left in
Figure 3, while orderings of type (3) allow for the scheme illustrated on the right side
of Figure 3.

E

Yj

Xj
Yi

B’

X2

Y3

Y2
C’FB’C’F

Y1

E Xk

Yk

X3

X1 Xi

A’=D A’=D

Figure 3. Orderings 2 and 3

Orderings (4) and (5) are slightly messier. Details are left to the reader.
From an initial marginal circumscription, we can twist A′ B ′C ′ in one direction only,

through a continuum of allowable strict circumscriptions, until another marginal cir-
cumscription is reached. During this process the size of the resulting triangle does
one of the following: (i) decreases continuously, (ii) increases continuously, or (iii) in-
creases to a maximum and then decreases.

In scenario (iii) we will show that the maximum occurs when the sides of A′ B ′C ′

are respectively parallel to the line segments joining the three circumcenters OA, OB ,
and OC . In (i) and (ii) it is impossible to reach a position where parallels occur. In (i)
we move away from such a position; in (ii) we move toward such a position but are
blocked from reaching it. Figure 1 illustrates (iii); note that the middle triangle is the
desired maximal case, since its sides are parallel to the respective sides of the triangle
of circumcenters. (Note that OA OB OC is similar to ABC.)
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Figure 4. An inequality

When ABC is a 20-60-100 triangle and DEF is a 15-150-15 triangle, (iii) does not
occur in any pairing because the parallel condition cannot be achieved.

In Figure 4 we show two circles, centered at O and P . In this figure, A is a point
on circle (O), B is a point on circle (P), I is one of the intersections of the circles,
and ∠AIB is straight. Segments OM and PN are perpendicular to AIB. Since AI is a
chord of circle (O), OM lies along its perpendicular bisector, so AM = IM. Likewise
BN = IN. Thus MN is half as long as AB. Since MN is a projection of OP onto AIB,
it is no longer than OP, and they have equal length only when AIB is parallel to OP.
Thus among all choices of line AIB, the longest has length 2 · OP and occurs when
AIB is parallel to OP.

A “Program,” then, for determining the largest circumscribing A′ B ′C ′ is as follows.
For each of the six pairings of angles of ABC with those of DEF, create a case of
marginal circumscription, and turn it through the continuum of strict circumscriptions
to the marginal circumscription at the “other end.” The largest of these circumscribing
triangles occurs when the sides are parallel to the sides of the triangle of circumcen-
ters, if that is possible. If this is not possible, then it occurs at the marginal case at the
beginning or the end, whichever involves sides closer to the desired parallel directions.
Select the largest of the six maximal cases. Then turn to the anomalous cases, if any,
and determine the largest of these. The larger of the maximal cases for nonanomalous
cases and the maximum of the anomalous cases is the largest circumscribing triangle.

We have not developed an algorithm for conducting the above program in the gen-
eral case.

Partially solved by M. Bataille (France), R. Boukharfane (Canada), O. Geupel (Germany), L. R. King,
C. R. Pranesachar (India), and the proposer.

A Minimization with Sum and Product

11718 [2013, 570]. Proposed by Arkady Alt, San Jose, CA. Given positive real numbers
a1, . . . , an with n ≥ 2, minimize

∑n
i=1 xi subject to the conditions that x1, . . . , xn are

positive and that
∏n

i=1 xi = ∑n
i=1 ai xi .

Solution by Ronald E. Prather, Oakland, CA. Let

S =
{

(x1, . . . , xn) : xi > 0,

n∏
i=1

xi =
n∑

i=1

ai xi

}
.

First consider what happens when a point approaches the boundary of S. Writing the
constraint as

1 =
n∑

i=1

ai∏
j �=i x j

,
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we see that each product
∏

j �=i xi is bounded away from zero. If any xk tends to zero,
another one (in fact at least two) must tend to infinity, and then

∑n
i=1 xi tends to infinity.

Therefore,
∑n

i=1 xi achieves a minimum value in the interior of S. We will find it using
Lagrange multipliers.

Writing μ for the reciprocal of the usual Lagrange multiplier, we get n + 1
equations

∏
j �=i

x j = ai + μ for 1 ≤ i ≤ n, and
n∏

i=1

xn =
n∑

i=1

ai xi

in the n + 1 unknowns x1, . . . , xn and μ. Substituting the first n equations in the last
yields an nth degree polynomial equation for μ, namely f (μ) = 0, where

f (x) =
n∑

i=1

ai

ai + x
.

Now f is continuous and monotonically decreasing, with f (0) = n > 1 and f (∞)

= 0 < 1, so there is a unique positive solution μ to the equation f (μ) = 1. Multiplying
the i th equation by xi and summing over i , we get n

∏n
j=1 x j = ∑n

i=1 ai xi

+ μ
∑n

i=1 xi = ∏n
j=1 x j + μ

∑n
i=1 xi , so

n∑
i=1

xi = n − 1

μ

n∏
j=1

x j .

Multiplying the first n equations yields
∏n

i=1 xn−1
i = ∏n

i=1(ai + μ). Thus the mini-
mum value of

∑n
i=1 xi is

n − 1

μ

⎛
⎝ n∏

j=1

(a j + μ)

⎞
⎠

1/(n−1)

.

Editorial comment. The proposer notes that the problem is related to Problem 4 of the
2001 Vietnam Team Selection Test.

Also solved by R. Bagby, R. Boukharfane (Canada), P. Bracken, M. Dincă (Romania), N. Grivaux (France),
O. Kouba (Syria), J. Martı́nez (Spain), N. C. Singer, R. Stong, T. Viteam (Chile), GCHQ Problem Solving
Group (U. K.), and the proposer.

Euler and Bernoulli Make Integer Coefficients

11720 [2013, 660]. Proposed by Ira Gessel, Brandeis University, Waltham, MA. Let
En(t) be the Eulerian polynomial defined by

∞∑
k=0

(k + 1)ntk = En(t)

(1 − t)n+1
,

and let Bn be the nth Bernoulli number. Show that
(
En+1(t) − (1 − t)n

)
Bn is a poly-

nomial with integer coefficients.

Solution by Josep Martı́nez, Spain. The assertion holds for n = 0, since E1(t) = 1.
We know that Bn = 0 when n is odd and greater than 1. By the von Staudt–Clausen
theorem, when n is even and positive the denominator of Bn is the product of the prime
numbers p such that p − 1 divides n. This also holds for n = 1, since B1 = −1/2.
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Let p be a prime number such that p − 1 divides n; we prove that p divides the
coefficients of En+1(t) − (1 − t)n . We have

En+1(t) − (1 − t)n

(1 − t)n+2
= En+1(t)

(1 − t)n+2
− 1

(1 − t)2
=

∞∑
k=1

(kn+1 − k)t k−1.

If p does not divide k, then Fermat’s little theorem gives k p−1 ≡ 1 (mod k). Since
p − 1 divides n, we deduce that kn+1 − k = k(kn − 1) is divisible by p. If p divides
k, then p divides kn+1 − k. Thus every coefficient of

En+1(t) − (1 − t)n

(1 − t)n+2

is divisible by p, and therefore so is every coefficient of En+1(t) − (1 − t)n .

Also solved by R. Chapman (U. K.), G. C. Greubel, B. Karaivanov, O. Kouba (Syria), O. P. Lossers (Nether-
lands), J. Quaintance, R. Stong, R. Tauraso (Italy), T. P. Turiel, GCHQ Problem Solving Group (U. K.), TCD-
math Problem Group (Ireland), and the proposer.

A Tangent Conic

11723 [2013, 661]. Proposed by L. R. King, Davidson, NC. Let A, B, and C be three
points in the plane, and let D, E , and F be points lying on BC, CA, and AB, respec-
tively. Show that there exists a conic tangent to BC, CA, and AB at D, E , and F ,
respectively, if and only if AD, BE, and CF are concurrent.

Solution by Raul A. Simon, Chile. Consider a conic meeting the sides in two points
each, meeting BC at Db and Dc, CA at Ec and Ea , and AB at Fa and Fb. Carnot’s
theorem for conics gives

AFa · AFb · BDb · BDc · CEc · CEa

AEc · AEa · BFa · BFb · CDb · CDc
= 1,

where lengths are interpreted as signed. In the proposed problem, where each pair of
points degenerates into a single point, we get(

AF · BD · CE

AE · BF · CD

)2

= 1.

Hence
AF · BD · CE

AE · BF · CD
= ±1.

For the positive sign, Ceva’s theorem shows that AD, BE, and CF are concurrent. For
the negative sign, Menelaus’ theorem shows that D, E , and F are collinear (and the
conic has degenerated, so we exclude this case).

The converse follows from the same argument using the converses to Ceva’s and
Carnot’s theorems.

Also solved by E. Bojaxhiu & E. Hysnelaj (Albania & Australia), O. Geupel (Germany), J.-P. Grivaux
(France), A. Habil (Syria), K. Hanes, O. Kouba (Syria), O. P. Lossers (Netherlands), C. R. Pranesachar (India),
R. Stong, M. Vowe (Switzerland), GCHQ Problem Solving Group (U. K.), and the proposer.

A Limit Computation

11724 [2013, 661]. Proposed by Andrew Cusumano, Great Neck, NY. Let f (n)

= ∑n
k=1 kk and let g(n) = ∑n

k=1 f (k). Find

lim
n→∞

g(n + 2)

g(n + 1)
− g(n + 1)

g(n)
.
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Solution by Hosam M. Mahmoud, The George Washington University, Washington,
D.C. The limit is e. First we derive some asymptotics of the function g(n). As n → ∞,(

1 + a

n

)n
= ea − a2ea

2n
+ O(n−2). (1)

Now f (n) = nn + (n − 1)n−1 + ∑n−2
k=1 kk , and the remaining series is bounded by a

geometric series,

n−2∑
k=1

kk ≤
n−2∑
k=1

nk = nn−1 − n

n − 1
= O(nn−2).

Using (1) we obtain

f (n) = nn + nn−1

(
1 − 1

n

)n−1

+ O(nn−2) = nn + nn−1

e
+ O(nn−2).

This leads to an asymptotic approximation for g(n):

g(n) = f (n) + f (n − 1) +
n−2∑
k=1

O(kk)

=
(

nn + nn−1

e
+ O(nn−2)

)
+ (

(n − 1)n−1 + O(nn−2)
) + O

(∑n−2
k=1 kk

)

= nn + 2

e
nn−1 + O

(
nn−2

)
.

Thus

g(n + 1)

g(n)
= (n + 1)n+1 + 2

e (n + 1)n + O(nn−1)

nn + 2
e nn−1 + O(nn−2)

= n(1 + 1
n )n+1 + 2

e (1 + 1
n )n + O( 1

n )

1 + 2
en + O( 1

n2 )
= e n + e

2
+ O(n−1).

Hence,

g(n + 2)

g(n + 1)
− g(n + 1)

g(n)
=

(
e (n + 1) + e

2
+ O(n−1)

)
−

(
e n + e

2
+ O(n−1)

)
,

which simplifies to e + O(n−1). Thus the required limit is indeed e.

Also solved by M. Bataille (France), P. Bracken, R. Chapman (U. K.), H. Chen, W. J. Cowieson,
D. Fleischman, J.-P. Grivaux (France), A. Habil (Syria), E. A. Herman, B. Karaivanov, O. Kouba (Syria),
C. W. Lienhard & M. Haner, J. H. Lindsey II, O. P. Lossers (Netherlands), J. Martı́nez (Spain), M. Omarjee
(France), P. Perfetti (Italy), C. R. Pranesachar (India), R. E. Prather, A. Stenger, R. Stong, R. Tauraso (Italy),
D. B. Tyler, J. Vinuesa (Spain), Z. Vörös (Hungary), J. Zacharias, and GCHQ Problem Solving Group (U. K.).
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