
DIFFERENTIAL EQUATIONS FOR ENGINEERS (MATH 0290)
PROJECTS

INSTRUCTOR: CEZAR LUPU

Project 1. (20 %) An alternate solution method for solving first order linear
differential equations.

This is another method for solving linear equations and it is called variation of
parameters. For details, see [1] (pg. 52-54).

Project 2. (30 %) How to solve Bernoulli and Riccati equations?

(i) The presence of nonlinear terms prevents us from using the technique using
integrant factor. In special cases, a change of variable will transform the nonlinear
equation into one is linear. The equation known as Bernoulli’s equation,

x′ = a(t)x+ f(t)xn, n 6= 0, 1,

was proposed for solution by James Bernoulli in December 1695. In 1696, Leibniz
pointed out that the equation can be reduced to a linear equation by x1−n as the
dependent variable. Show that the change of variable, z = x1−n, will transform the
nonlinear Bernoulli equation into the linear equation

z′ = (1− n)a(t)z + (1− n)f(t).

(ii) The equation

dy

dt
+ ψy2 + φy + ξ = 0,

where ψ, φ, and ξ are functions of t, is called the generalized Riccati equation .
In general, the equation is not integrable by quadratures. However, suppose that
one solution, say y = y1, is known.

a) Show that the substitution y = y1 + z reduces the generalized Riccati equation
to

dz

dt
+ (2y1ψ + φ)z + ψz2 = 0,

which is an instance Bernoulli’s equation.
b) Use the fact that y1 = 1/t is is a particular solution of

dy

dt
= − 1

t2
− y

t
+ y2
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to find the equation’s general solution.

Project 3. (30 %) Mixing Problems.

Consider a lake with a factory on its shore that introduces a pollutant into the
lake. The lake is fed by one river and drained by another, keeping the volume of the
lake constant. One can model how the amount of pollutant in the lake varies with
time. For details, see [1] (pg. 56-61).

Project 4. (30 %) Personal Finance.

There are a number of problems involving personal finance that can be modeled
using differential equations. For details, see [1] (pg. 121-126).

Project 5. (20 %) Eletrical Circuits.

A typical eletric circuit involves a voltage source, a resistor, a capacitor, and an
inductor. Differential equations can also be used in finding the resulting current of
a circuit. For details, see [1] (pg. 128-131).

Project 6. (30 %) Harmonic motion.

Second order linear differential equations can be applied for harmonic motion.
For details, see [1] (pg. 156-163).

Project 7. (30 %) The Exponential of a matrix.

The exponetial of a matrix A is defined to be

exp(A) = I + A+
1

2!
A2 +

1

3!
A3 + . . . =

∞∑
k=0

1

k!
Ak,

and it has applications to systems of linear differential equations. For basic prop-
erties and applications, see [1] (pg. 416-421).

Project 8. (20 %) How to use differential equations to model and solve real-life
problems?

Differential equations can be applied in many real life situations. For example,
they can be applied in modeling advertising awareness, a chemical reaction, popu-
lation growth, hybrid selection, chemical mixture, biology, safety, etc. For details,
see Attachment 1.

Project 9. (20 %) Models describing international conflicts.

Differential equations can be applied in modelling international conflicts. For
details, see Attachment 2.
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Project 10∗. (30 %) How to compute the volume of the n-dimensional unit ball
using Laplace transform?

There is a quick and really nice proof for computing the volume of the n-dimensional
unit ball in Rn (and hence Cn). This proof uses properties of the Laplace transform
as well as other tools from Calculus 3 like Fubini theorem on integration. For details,
see [2].
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