
PROBLEMS AND SOLUTIONS
Source: The College Mathematics Journal, Vol. 41, No. 4 (September 2010), pp. 329-338
Published by: Mathematical Association of America
Stable URL: http://www.jstor.org/stable/10.4169/074683410X510335 .

Accessed: 15/06/2014 08:23

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at .
http://www.jstor.org/page/info/about/policies/terms.jsp

 .
JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

 .

Mathematical Association of America is collaborating with JSTOR to digitize, preserve and extend access to
The College Mathematics Journal.

http://www.jstor.org 

This content downloaded from 130.49.181.203 on Sun, 15 Jun 2014 08:23:56 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/action/showPublisher?publisherCode=maa
http://www.jstor.org/stable/10.4169/074683410X510335?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp


PROBLEMS AND SOLUTIONS
EDITORS

Curtis Cooper Shing S. So
CMJ Problems CMJ Solutions
Department of Mathematics and Department of Mathematics and

Computer Science Computer Science
University of Central Missouri University of Central Missouri
Warrensburg MO 64093 Warrensburg MO 64093
email: cooper@ucmo.edu email: so@ucmo.edu

doi:10.4169/074683410X510335

This section contains problems intended to challenge students and teachers of college mathematics.
We urge you to participate actively BOTH by submitting solutions and by proposing problems that are
new and interesting. To promote variety, the editors welcome problem proposals that span the entire
undergraduate curriculum.

Proposed problems should be sent to Curtis Cooper, either by email as a pdf, TEX, or Word
attachment (preferred) or by mail to the address provided above. Whenever possible, a proposed prob-
lem should be accompanied by a solution, appropriate references, and any other material that would
be helpful to the editors. Proposers should submit problems only if the proposed problem is not under
consideration by another journal.

Solutions to the problems in this issue should be sent to Shing So, either by email as a pdf,
TEX, or Word attachment (preferred) or by mail to the address provided above, no later than December
15, 2010.

PROBLEMS
931. Proposed by Sam Vandervelde, St. Lawrence University, Canton, NY.

Let f (x) be a polynomial having real coefficients. Show that

f ( f (x) + x) = f (x)g(x),

for some polynomial g(x). Furthermore, prove that the remainder upon dividing g(x)

by f (x) is equal to f ′(x) + 1.

932. Proposed by Cezar Lupu (student), University of Bucharest, Bucharest, Romania
and Tudorel Lupu (student), Decebal High School, Constanta, Romania.

Let f : [0, 1] → R be a continuous function such that

∫ 1

0
f 3(x) dx = 0.

Prove that

∫ 1

0
f 4(x) dx ≥ 27

4

(∫ 1

0
f (x) dx

)4

.

933. Proposed by Cosmin Pohoaţă (student), National College “Tudor Vianu,”
Bucharest, Romania.
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Let ABC be an acute-angled triangle and let H be its orthocenter. If ta , tb, tc are the
inradii of triangles HBC, HCA, and HAB, respectively, prove that

ta + tb + tc ≤ (6
√

3 − 9)r,

where r is the inradius of triangle ABC.

934. Proposed by José Luis Dı́az-Barrero, Universitat Politécnica de Catalunya,
Barcelona, Spain.

Let a1, a2, . . . , an be the lengths of the sides of an n-gon with semi-perimeter s. Prove
that

∑
1≤i< j≤n

a2
i a2

j

a2
i + a2

j

≤ n − 1

(n − 2)2

n∑
k=1

(s − ak)
2.

935. Proposed by Tom Beatty, Florida Gulf Coast University, Ft. Myers, FL.

Two players play the following game. First, player B chooses an irrational number
β > 0, then player A chooses an n ∈ N. Now they reverse roles and player A chooses
an irrational number α > 0, then player B chooses an m ∈ N with the conditions that
α �= β and m �= n. Next, the number of elements of the set S = { jα : j ∈ N} ∪ {kβ :
k ∈ N} in the intervals [m, m + 1] and [n, n + 1] are counted. Player A is declared the
winner if there are n elements of S in [m, m + 1] but not m such elements in [n, n + 1].
Player B wins if [n, n + 1] contains m elements of S, but [m, m + 1] does not contain
n such elements. All other outcomes are considered a draw. Prove or disprove that
there is a winning strategy for either player.

SOLUTIONS

The Gamma function and an infinite product
906. Proposed by Ovidiu Furdui, University of Toledo, Toledo, OH.

(a) Find the value of

∞∏
n=1

(
2m + 2n − 1

2n − 1

) (
2n

2m + 2n

)
,

where m denotes a positive integer.
(b) More generally, if the real part of z is positive, find the value of

∞∏
n=1

(
1 + z

n

)(−1)n−1

.

Solution by William Seaman, Albright College, Reading, PA and Michael Vowe, Ther-
wil, Switzerland (independently).

For each z ∈ C, let p(z, k) =
k∏

n=1

(
1 + z

n

)(−1)n−1

. Then

p(z, k) =
k∏

n=1

(
1 + z

2n−1

1 + z
2n

)
=

k∏
n=1

2n(z + 2n − 1)

(2n − 1)(z + 2n)
.
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Since

k∏
n=1

2n(z + 2n − 1) = 2kk! ∏2k
n=1(z + n)∏k

n=1(z + 2n)
,

and

k∏
n=1

(2n − 1)(z + 2n) = (2k)! ∏k
n=1(z + 2n)

2kk! ,

we can find

p(z, k) = 2z · z

22
·
[

k! · k
z
2

z
2 · ∏k

n=1

(
z
2 + n

)
]2

·
[

z · ∏2k
n=1(z + n)

(2k)!(2k)z

]
.

Since �(z) = lim
k→∞

k!kz

z(z + 1)(z + 2) · · · (z + k)
for Re z > 0 and z �= 0, −1, −2, . . . ,

lim
k→∞

p(z, k) = 2z−2z
[
�

( z

2

)]2
[�(z)]−1 .

(a) Since
k∏

n=1

(
2m + 2n − 1

2n − 1

)(
2n

2m + 2n

)
= p(2m, k),

∞∏
n=1

(
2m + 2n − 1

2n − 1

)(
2n

2m + 2n

)
= 22m−2 · (2m) · [�(m)]2

�(2m)

= 22m−2 · (2m) · ((m − 1)!)2

(2m − 1)! = 4m(2m
m

) .

(b)
∞∏

n=1

(
1 + z

n

)(−1)n−1

= 2z−2z[�( z
2)]2

�(z)
.

Also solved by ARKADY ALT, San Jose, CA; MICHEL BATAILLE, Rouen, France; ARIN CHAUDHURI, Raleigh,
NC; HONGWEI CHEN, Christopher Newport U.; CHIP CURTIS, Missouri Southern State U.; BRUCE DAVIS, St.
Louis C.C.; JAMES DUEMMEL, Bellingham, WA; BILL DUNN III, Lone Star C.-Montgomery; KEITH EKBLAW,
Walla Walla, WA; MICHAEL GOLDENBERG and MARK KAPLAN (jointly), Baltimore Poly. Inst.; G.R.A.20
PROBLEM SOLVING GROUP, Rome, Italy; G. C. GREUBEL, Newport News, VA; JEFFREY GROAH, Lone Star
C.-Montgomery; EUGENE HERMAN, Grinnell C.; HOFSTRA UNIVERSITY PROBLEM SOLVERS, Hofstra U.;
SANTIAGO DE LUXÁ (student) and ÁNGEL PLAZA (jointly), U. of Las Palmas de Gran Canaria, Spain; JERRY

MASUDA, Wentworth Military Acad. and C.; JERRY MINKUS, San Francisco, CA; DARRYL NESTER, Bluffton
U.; NORTHWESTERN UNIVERSITY MATH PROBLEM SOLVING GROUP, Northwestern U.; PAOLO PERFETTI,
Dipartimento di Matematica, Università degli studi di Tor Vergata Roma, Rome, Italy; JOHN SAYER, Livermore,
CA; JOEL SCHLOSBERG, Bayside, NY; PETER SIMONE, U. of Nebraska Medical Center; SPECIAL TOPICS IN

MATHEMATICS CLASS, Dana C.; JOHN SUMNER and AIDA KADIC-GALEB (jointly), U. of Tampa; FRANCISCO

VIAL (student), Pontificia U. Católica de Chile, Santiago, Chile; ALBERT WHITCOMB, Castle Shannon, PA; and
the proposer.

One incorrect solution was received.
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An infinite sum with the Pell-Lucas numbers
907. Proposed by Brian Bradie, Christopher Newport University, Newport News, VA.

For each nonnegative integer n, let

an =
(

n∑
j=0

Q j

)2

−
n∑

j=0

Q2 j+1,

where Qn is the nth Pell-Lucas number; that is Q0 = 2, Q1 = 2, and Qn = 2Qn−1 +
Qn−2 for n ≥ 2. Evaluate

∞∑
n=0

an

n! .

Solution by Kim McInturff, Santa Barbara, CA.

For n = 0, 1, 2, . . . , let Pn denote the nth Pell number, so P0 = 0, P1 = 1, and
Pn = 2Pn−1 + Pn−2 for n ≥ 2. By induction, the two identities

n∑
j=0

Q j = 2Pn+1,

and

n∑
j=0

Q2 j+1 = (2Pn+1)
2 − 1 − (−1)n

can be established. It follows that

an = (2Pn+1)
2 − (2Pn+1)

2 + 1 + (−1)n = 1 + (−1)n.

Thus,
∞∑

n=0

an

n! =
∞∑

n=0

1

n! +
∞∑

n=0

(−1)n

n! = e + 1

e
.

Also solved by ARKADY ALT (2 solutions), San Jose, CA; MICHEL BATAILLE, Rouen, France; PHILIP

BENJAMIN, Berkeley C., NJ; MIHAELA BLANARIU, Columbia C. Chicago; MEGAN BODEKOR (student),
SUNY Brockport; GASTON BROUWER, Macon State C.; STAN BYRD and OSSAMA SALEH (jointly), U. of
Tennessee at Chattanooga; CHARLES COOK and MICHAEL BACON (jointly), Sumter, SC; TIM CROSS, King
Edward’s School, Birmingham, UK; CHIP CURTIS, Missouri Southern State U.; SERGIO FALCON and ÁNGEL

PLAZA (jointly), U. of Las Palmas de Gran Canaria, Spain; HABIB FAR, Lone Star C.-Montgomery; DMITRY

FLEISCHMAN, Santa Monica, CA; MICHAEL GOLDENBERG and MARK KAPLAN (jointly), Baltimore Poly.
Inst.; G. C. GREUBEL, Newport News, VA; EUGENE HERMAN, Grinnell C.; HOFSTRA UNIVERSITY PROBLEM

SOLVERS, Hofstra U.; YOUNG HO KIM, Inst. of Sci. Ed. for the Gifted and Talented, Yonsei U., Seoul, Korea;
PANAGIOTIS KRASOPOULOS, Athens, Greece; DANIEL LONG (student), U. of Tennessee at Chattanooga; YOZO

MIKATA, Bechtel, Niskayuna, NY; DAVID NACIN, William Paterson U.; RITURAJ NANDAN, MEMC Electronic
Materials, St. Peters, MO; DARRYL NESTER, Bluffton U.; ROB PRATT, Raleigh, NC; MICHAEL SARVER, Cedar
Crest C.; JOHN SAYER, Livermore, CA; JOEL SCHLOSBERG, Bayside, NY; WILLIAM SEAMAN, Albright C.;
JOHN SUMNER and AIDA KADIC-GALEB (jointly), U. of Tampa; FRANCISCO VIAL (student), Pontificia U.
Católica de Chile, Santiago, Chile; MICHAEL VOWE, Therwil, Switzerland; LUYUAN YU, Tianjin U., Tianjin,
China; and the proposer.

A computer generated solution was submitted by TONY TAM, Calexico, CA.
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Limit of a recursive sequence
908. Proposed by Scott Duke Kominers (student), Harvard University, Cambridge,
MA.

Let k > 1 be an integer and let t be a real number. Let {Tn} be the sequence T1 = t and

Tn+1 = T k
n

exp(kn/nk)
for n > 1.

Show the sequence converges for any real, positive t < exp(ζ(k)), where ζ(k) =∑∞
i=1

1
ik .

Solution by Michael Andreoli, Miami Dade College, Miami, FL; Michel Bataille,
Rouen, France; James Duemmel, Bellingham, WA; and Eugene Herman, Grinnell
College, Grinnell, IA (independently).

Since 0 < t < exp(ζ(k)),

ln(T1) = ln t and ln(Tn+1) = k ln(Tn) − kn

nk
,

for n ∈ N. An easy induction leads to

ln(Tn+1) = kn

(
ln t −

n∑
j=1

1

j k

)
,

for all n ∈ N. Since k > 1,

lim
n→∞

(
ln t −

n∑
j=1

1

j k

)
= ln t − ζ(k) < 0,

and lim
n→∞ kn = ∞. It follows that lim

n→∞ ln(Tn+1) = −∞, and hence lim
n→∞ Tn = 0.

Also solved by ARIN CHAUDHURI, Raleigh, NC; CHIP CURTIS, Missouri Southern State U.; MICHAEL GOLD-
ENBERG and MARK KAPLAN (jointly), Baltimore Poly. Inst.; HOFSTRA UNIVERSITY PROBLEM SOLVERS,
Hofstra U.; JEAN HUANG (student), Harvard U.; PANAGIOTIS KRASOPOULOS, Athens, Greece; KEE-WAI

LAU, Hong Kong, China; CONGXIAO LIU and MOHAMMED KARIM (jointly), Alabama A&M U.; DARRYL

NESTER, Bluffton U.; PAOLO PERFETTI, Dipartimento di Matematica, Università degli studi di Tor Vergata
Roma, Rome, Italy; JOHN SAYER, Livermore, CA; JOEL SCHLOSBERG, Bayside, NY; WILLIAM SEAMAN,
Albright C.; SANGHUN SONG, Inst. of Sci. Ed. for the Gifted and Talented, Yonsei U., Seoul, Korea; JOHN

SUMNER and AIDA KADIC-GALEB (jointly), U. of Tampa; TONY TAM, Calexico, CA; LUYUAN YU, Tianjin
U., Tianjin, China; HONGBIAO ZENG, Fort Hays State U.; and the proposer.

Editor’s Note. Darryl Nester of Bluffton University noted that {Tn} diverges if ln t > ζ(k), and hence {Tn}
converges iff t < exp(ζ(k)).

Reflection and cyclic quadrilateral
909. Proposed by Francisco Javier Garcı́a Capitán, Spain.

Let ABC be a triangle with incenter I . Let AI meet BC at L , and let X be the contact
point of the incircle with the line BC. If D is the reflection of L on X , we construct B ′
and C ′ as the reflections of D with respect to lines BI and CI, respectively. Show that
the quadrilateral BCC′ B ′ is cyclic.
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Solution by Hongbiao Zeng, Fort Hays State University, Hays, KS.

Since D is the reflection of L on X ,

∠IDC = ∠ILX. (1)

Since C ′ is the reflection of D with respect to the line
←→
C I , �ICD ∼= �ICC′. Thus,

∠IDC = ∠IC′C. (2)

By (1) and (2), ∠ILX = ∠IC′C , and hence ∠ALC = ∠AC′ I . Therefore, �ALC ∼
�AC′ I , and hence

(AC ′)(AC) = (AL)(AI ). (3)

Similarly, �ALB ∼ �AB′ I , and hence

(AB ′)(AB) = (AL)(AI ). (4)

From (3) and (4),

AB ′

AC
= AC ′

AB
.

Thus, �AB ′C ′ ∼ �ACB, and hence ∠AB ′C ′ = ∠ACB. Therefore, BCC′ B ′ is a cyclic
quadrilateral.

Also solved by JOSHUA ALSUP (student), Columbia State U.; GEORGE APOSTOLOPOULOS, Messoloughi,
Greece; HERB BAILEY, Rose-Hulman Inst. of Tech.; MICHEL BATAILLE, Rouen, France; MIHAELA BLA-
NARIU, Columbia C. Chicago; CHIP CURTIS, Missouri Southern State U.; HABIB FAR, Lone Star C.-
Montgomery; MICHAEL FREITAS (student), SUNY Cortland; MICHAEL GOLDENBERG and MARK KAPLAN

(jointly), Baltimore Poly. Inst.; HOFSTRA UNIVERSITY PROBLEM SOLVERS, Hofstra U.; GEOFFREY KAN-
DALL, Hamden, CT; YOUNG HO KIM and SANGHUN SONG (jointly), Inst. of Sci. Ed. for the Gifted and Talented,
Yonsei U., Seoul, Korea; ELIAS LAMPAKIS, Kiparissia, Greece; KEE-WAI LAU, Hong Kong, China; CONGXIAO

LIU and MOHAMMED KARIM (jointly), Alabama A&M U.; YOZO MIKATA, Bechtel, Niskayuna, NY; JERRY

MINKUS, San Francisco, CA; ANUPA MURALI, Concord, NH; DARRYL NESTER, Bluffton U.; JOSÉ NIETO,
U. del Zulia, Venezuela; DORIS SCHATTSCHNEIDER, Bethlehem, PA; JOEL SCHLOSBERG, Bayside, NY; ALEX

SONG (student), Detroit Country Day School; HUNTER SPINK (student), Western Canada High School; SUSAN

SUN (student), West Vancouver Secondary School in Vancouver, British Columbia, Canada; RONALD TIBERIO,
Natick, MA; MICHAEL VOWE, Therwil, Switzerland; CHEN WANG (student), U. of Michigan & Shanghai Jiao
Tong U.-Joint Inst., Shanghai, China; HAOHAO WANG and JERZY WOJDYLO (jointly), Southeast Missouri State
U.; ALBERT WHITCOMB, Castle Shannon, PA; and the proposer.

Editor’s Note. Darryl Nester of Bluffton University noted that when ∠B is sufficiently large B is between B ′ and
Z , so BCC′ B ′ is no longer a simple quadrilateral.
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Determinants based on a tribonacci squence
910. Proposed by Michael Goldenberg and Mark Kaplan, Baltimore Polytechnic Insti-
tute, Baltimore, MD

Let {an} be a tribonacci sequence defined with arbitrary integers a0, a1, a2, not all zero,
and an+3 = an+2 + an+1 + an for n ≥ 0 or n ≤ −4 and let

�(m, n) = det

⎛
⎝a0 am an

am a2m am+n

an am+n a2n

⎞
⎠ .

Prove that

�(m, n)

�(1, 2)

is a square of an integer for every pair of integers m and n.

Solution by Eugene Herman, Grinnell College, Grinnell, IA.

More generally, we assume there exist integers p, q, r with r = ±1 such that

an+3 = pan+2 + qan+1 + ran for all n ∈ Z. (1)

Let A(m, n) denote the given matrix in the problem, so that �(m, n) = det(A(m, n)).
First note that

�(m, n) = �(n, m) for all m, n ∈ Z, (2)

since interchanging columns 2 and 3 and interchanging rows 2 and 3 changes A(m, n)

into A(n, m). Next note that, for all n ∈ Z, there exist integers αn, βn, γn such that

an = αna2 + βna1 + γna0.

Furthermore, since we can use any three consecutive terms of {an} as our initial terms,
we have

am+k = αkam+2 + βkam+1 + γkam for all m, k ∈ Z. (3)

Given any m, n ∈ Z, we write n as m + k and expand �(m, n) = det(A(m, m + k))

using the following instances of equation (3):

am+k = αk+1am+1 + βk+1am + γk+1am−1,

a2m+k = αk+1a2m+1 + βk+1a2m + γk+1a2m−1,

a2m+2k = αk+1a2m+k+1 + βk+1a2m+k + γk+1a2m+k−1,

a2m+k+1 = αk+1a2m+2 + βk+1a2m+1 + γk+1a2m,

and

a2m+k−1 = αk+1a2m + βk+1a2m−1 + γk+1a2m−2.

Specifically, we use these five equations in conjunction with the column and row
operations

C3 − βk+1C2 → C3, R3 − βk+1 R2 → R3,
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and also use the fact that the determinant is a linear function of each column and row
of the matrix:

�(m, m + k)

= det

⎛
⎝ a0 am am+k

am a2m a2m+k

am+k a2m+k a2m+2k

⎞
⎠

= det

⎛
⎝ a0 am αk+1am+1 + γk+1am−1

am a2m αk+1a2m+1 + γk+1a2m−1

am+k a2m+k αk+1a2m+k+1 + γk+1a2m+k−1

⎞
⎠

= αk+1det

⎛
⎝ a0 am am+1

am a2m a2m+1

am+k a2m+k a2m+k+1

⎞
⎠ + γk+1det

⎛
⎝ a0 am am−1

am a2m a2m−1

am+k a2m+k a2m+k−1

⎞
⎠

= αk+1det

⎛
⎝ a0 am am+1

am a2m a2m+1

αk+1am+1 + γk+1am−1 αk+1a2m+1 + γk+1a2m−1 αk+1a2m+2 + γk+1a2m

⎞
⎠

+ γk+1det

⎛
⎝ a0 am am−1

am a2m a2m−1

αk+1am+1 + γk+1am−1 αk+1a2m+1 + γk+1a2m−1 αk+1a2m + γk+1a2m−2

⎞
⎠

= α 2
k+1det

⎛
⎝ a0 am am+1

am a2m a2m+1

am+1 a2m+1 a2m+2

⎞
⎠ + αk+1γk+1det

⎛
⎝ a0 am am+1

am a2m a2m+1

am−1 a2m−1 a2m

⎞
⎠

+ γk+1αk+1det

⎛
⎝ a0 am am−1

am a2m a2m−1

am+1 a2m+1 a2m

⎞
⎠ + γ 2

k+1det

⎛
⎝ a0 am am−1

am a2m a2m−1

am−1 a2m−1 a2m−2

⎞
⎠

= α 2
k+1�(m, m + 1) + γ 2

k+1�(m, m − 1) + 2γk+1αk+1det

⎛
⎝ a0 am am−1

am a2m a2m−1

am+1 a2m+1 a2m

⎞
⎠.

(4)

It remains to show that expression (4) can be written as p2�(1, 2) for some integer p.
To evaluate �(m, m + 1), we use the equations

a0 = α1−mam+1 + β1−mam + γ1−mam−1,

am = α1−ma2m+1 + β1−ma2m + γ1−ma2m−1,

am+1 = α1−ma2m+2 + β1−ma2m+1 + γ1−ma2m,

and
am−1 = α1−ma2m + β1−ma2m−1 + γ1−ma2m−2,

with the column and row operations

C1 − α1−mC3 − β1−mC2 → C1, R1 − α1−m R3 − β1−m R2 → R1,

as follows:

�(m, m + 1) = det

⎛
⎝ a0 am am+1

am a2m a2m+1

am+1 a2m+1 a2m+2

⎞
⎠

= det

⎛
⎝ γ1−mam−1 am am+1

γ1−ma2m−1 a2m a2m+1

γ1−ma2m a2m+1 a2m+2

⎞
⎠

336 © THE MATHEMATICAL ASSOCIATION OF AMERICA

This content downloaded from 130.49.181.203 on Sun, 15 Jun 2014 08:23:56 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


= γ1−mdet

⎛
⎝ am−1 am am+1

a2m−1 a2m a2m+1

a2m a2m+1 a2m+2

⎞
⎠

= γ1−mdet

⎛
⎝γ1−ma2m−2 γ1−ma2m−1 γ1−ma2m

a2m−1 a2m a2m+1

a2m a2m+1 a2m+2

⎞
⎠

= γ 2
1−mdet

⎛
⎝a2m−2 a2m−1 a2m

a2m−1 a2m a2m+1

a2m a2m+1 a2m+2

⎞
⎠ . (5)

Let B(m) denote the matrix in (5), and note that B(1) = A(1, 2). In fact, we show
next that det(B(m)) = det(A(1, 2)) = �(1, 2). If m > 1, we use instances of the re-
cursion relation (1) with the column and row operations

C3 − pC2 − qC1 → C3, R3 − pR2 − q R1 → R3,

C1 → C2 → C3 → C1, R1 → R2 → R3 → R1

as follows:

det(B(m)) = det

⎛
⎝a2m−2 a2m−1 ra2m−3

a2m−1 a2m ra2m−2

a2m a2m+1 ra2m−1

⎞
⎠ = rdet

⎛
⎝ a2m−2 a2m−1 a2m−3

a2m−1 a2m a2m−2

ra2m−3 ra2m−2 ra2m−4

⎞
⎠

= r 2det

⎛
⎝a2m−3 a2m−2 a2m−1

a2m−2 a2m−1 a2m

a2m−4 a2m−3 a2m−2

⎞
⎠ = det

⎛
⎝a2m−4 a2m−3 a2m−2

a2m−3 a2m−2 a2m−1

a2m−2 a2m−1 a2m

⎞
⎠

= det(B(m − 1)).

Thus, by induction, det(B(m)) = det(B(1)) = �(1, 2). If m < 1, we use in-
stances of (1) in the form an = −rqan+1 − r pan+2 + ran+3. This yields det(B(m)) =
det(B(m + 1)), and so det(B(m)) = �(1, 2) again. Hence, by (5), we have

�(m, m + 1) = γ 2
1−m�(1, 2). (6)

We evaluate the third term in (4) much as we did �(m, m + 1). The column and row
operations

C1 − α2−mC2 − β2−mC3 → C1, R1 − α1−m R3 − β1−m R2 → R1,

C1 + rqC3 + r pC2 → C1, C1 ↔ C3

have the following effect:

det

⎛
⎝ a0 am am−1

am a2m a2m−1

am+1 a2m+1 a2m

⎞
⎠ = γ2−mγ1−mdet

⎛
⎝a2m−3 a2m−1 a2m−2

a2m−2 a2m a2m−1

a2m−1 a2m+1 a2m

⎞
⎠

= γ2−mγ1−mdet

⎛
⎝ ra2m a2m−1 a2m−2

ra2m+1 a2m a2m−1

a2m+2 a2m+1 a2m

⎞
⎠
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= −rγ2−mγ1−mdet

⎛
⎝a2m−2 a2m−1 a2m

a2m−1 a2m a2m+1

a2m a2m+1 a2m+2

⎞
⎠

= −rγ2−mγ1−mdet(B(m))

= −rγ2−mγ1−m�(1, 2). (7)

Therefore, by formulas (4), (6), (2), and (7), we conclude that

�(m, m + k) = α 2
k+1γ

2
1−m�(1, 2) + γ 2

k+1γ
2

2−m�(1, 2) − r2αk+1γk+1γ2−mγ1−m�(1, 2)

= (αk+1γ1−m − rγk+1γ2−m)2�(1, 2).

Also solved by JAMES DUEMMEL, Bellingham, WA; YOZO MIKATA, Bechtel, Niskayuna, NY; WILLIAM

SEAMAN, Albright C.; JOHN SUMNER and AIDA KADIC-GALEB (jointly), U. of Tampa; and the proposer.

Editor’s Note. In problem 910, the proposer assumed that {an} is a tribonacci sequence defined with arbitrary
integers a0, a1, a2, not all zero, and an+3 = an+2 + an+1 + an for all integers n.

A Talmudic Fair-Division Problem

The oldest known written fair-division problem comes from the Babylonian Tal-
mud of the 2nd century AD. A man dies owing 100, 200 and 300 zuz to each
of three claimants: A, B and C . In modern bankruptcy proceedings, claimants
receive shares proportional to their individual claims, no matter the size of the
estate: A would get one-sixth, B one-third and C one-half. The solution pre-
sented in the Talmud is also proportional, as long as the total estate value is 300
zuz. But if the estate is only 100 zuz, the claimants receive equal shares. Even
more curiously, if the estate is 200 zuz, A receives 50 zuz, and B and C receive
equal amounts of 75 zuz, despite the fact that their claims are not equal.

The logic of the talmudic solution remained mysterious until 1984, when
Israeli mathematicians Robert Aumann and Michael Maschler discovered that
these seemingly inconsistent settlement methods anticipate the modern ”nucle-
olus” solution of a three-person cooperative game, the solution that minimizes
the largest dissatisfaction among all possible coalitions. For example, if the total
estate is 100, the talmudic solution rejects the modern proportional solution in
favor of the equal-claim solution for the following reason. Any coalition of the
players gets nothing free, since its opponent’s claim is at least the size of the
whole estate. Thus with a proportionate solution, claimant A will receive 100/6,
B 100/3 and C 100/2, and the maximum dissatisfaction is with claimant A, who
receives less (in comparison to possible coalition claims) than he would with the
equal-share solution.

If the total estate is 200, on the other hand, B and C acting against A expect
100 “for free,” since A claims only 100. B and C will expect to share this excess
100, plus whatever they can gain against A competing for the first 100. The
equal-shares solution does not minimize dissatisfaction now. In general, if all
objects (zuz or dollars) are valued equally by the players, many reasonable game-
theoretic solutions now exist, and no particular one seems especially compelling.

—from “Mathematical Devices for Getting a Fair Share” by Theodore Hill,
American Scientist 88 (2000) 325–331.
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